ON BRADLEY-TERRY MODELS FOR
SYMMETRICAL PAIRS

By
G. SADASIVAN AND S.S. SUNDARAM
I.A.R.S., New Delhi
(Received : October, 1974)

1. INTRODUCTION

In order to reduce the tedivm of experiments in paired comparisons
fractiopation of pairs can be made. The methods of fractionation
lead to an important fraction labelled symmetrical pairs. If there
be ¢ stimuli designated by S, Sy, ... , S, the symmetrical pairs are
Sy Sy, S Sa, ey Siq Sty S Sy Symmetrlcal pairs are very useful
for sensory testmg, testing preferences for industrial products,
building materials, consumer protection and guidance, market
research, certification marking for standardisation etc. For assess-
ment of quality of different products at reduced cost the method is
very useful. It is also useful in testing trends in treatment ratings,
Some designs for fractional pairs are given in Sadasivan (1970),
A model for symmetrical pairs was given in Sadasivan and Sunda-
ram (1974). 1In the present paper properties of two Jifferent mathe-
matical models for evaluation of experimental data from symmetrical
pairs have been studied.

2. BRADLEY-TERRY MoDEL WiTHOUT TIES

2.1. The Model

Let the true ratings for the ¢ treatments be m, 7, ..., m; on a
particular subjective continuum such that =;>0 and 2m;=1. The
probability that treatment i obtains top ranking when treatment {
appears with treatment j in a block is w;/(m;+ ;). Following Bradley-
Terry notation and considering the appropriate likelihoods for
symmetrical pairs within a repetition and for all n repetitions, we
reach the likelihood function in the general form as

L(§)=]] (i M (g gy : (D
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A general class of tests of the null hypothesis

Ho N 1rl' = I/t
(i=1,2,..,0)
against
Ha: 7'Ci=7'5(h)
(h=1,2, ..., m),
i=s’l—1+l9 ceey Sp
where
S0=0,
Sm=t:
, m
Y v—su) wh)=1,
h=1

h=the index for the class in which a treatment rating'falls, s,=the
cumulative number of ratings up toclass i and m=the number of
classes in which the treatment ratings are equal, is made by maximi-
sing In L using Lagrange’s multipliers and deriving the general test
statistic which is a monotonic function of the likelihood ratio (i.e.,
In)). The normal equations to obtain p(h), the estimate of (k) are

A ns—sny—1)
p(h) p(h)
n _ n ..(2)
p(h)+pth+1) p(h)+p(h—1)

=0(h=1, 2, ..., m)

and

(SIL—SIL-I) ph)y=1
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where
Spt1 k
A,F.E [:4n— 2 E T :I
i=g,+1 i=] j=i-1&
i+1
and the test statistic
m m
=— 2 Ay log p(h)+n 2 (sn— Sn-1—1) log p(h)
h=1 h=1

m

+nE log {p(")+ p(h-+1)}+ n(t—m) log 2. «.(3)
h=1

Hence the asymptotic test statistic becomes )
T=—2 InA\=2nt In2—2B In 10.

where In, log are logarithms to base e and 10 respectively.
The two special tests work out as follows :

Case 1. H,: no=;is assumed equal to any wy (i#j). The
normal equations in this case are

a.
Iﬁ—nz (PeAP)=0 (i=1,2, .0 ?) -(4)
j=i—1&
i+1

subject to the constraint
t
Y p=1 - (5)
i=1

The solution of these equations can be obtained by iteration. The test
statistic becomes '

! t
. BW=n 2 log (p‘+p,-+1)-—2 a; log py ...(6)
i=1 i=1 .
An asymptotic test is provided by the statistic
T =2nt In,—2BY Iny, (D

Under H,, T() is distributed as a central X* with (#—1) degree
of freedom.
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Case 2.
Hy: m=n{i=1,2, ..., $),
;=1 —sm)/(t—s)
=7’ (j=s+1; ... 1). _ R
The likelihood function under H, is
L(r| Hy)=78, () B, 2-7~2) (m 4 ')~2n

where
s
B,= E a;—n (s—1)
i=1
and ‘
. .
By=Y ‘a—n (1—s—1).
i=s+1
The estimation equations are
5--—2n (p—p')y1=0 -+(8)
p
B2 (p+py1=0 (9)
subject to the constraint
sp+(t—s) p'=1 ..(10)
where

p'=(l—sp)/(t—s),
p being an estimate of ». Then
— Bl .
P="Gn=B) (t—s)+sB, * /
B®=2nlog (p+p")+n(t—2) log 2
-—B, log p—B; log p’ ..(11)
T(®)=2n In2—2B® In10
which under the null hypothesis is distributed as a chi-square with

one degree of freedom. For exact test the distribution of B(*) should
be tabled.

An estimate p of = is given by

X

PR on—X) =)+ X,
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where X is the number of times a treatment of the first group, ranks
above a treatment of the second group. From the model for paired
comparisops, the probability that a treatment i of the first group
ranks above a treatment j of the second group in any of the » repeti-
tions is
P Gl
P('ﬁk l)~1+(t_2s) .
Then
X
Est P(r“k= 1)= 2—n

which shows that case (2) reduces to the sign test.
2.2. Alterpative Methods of Derivation of the Likelihood under
Case (1)
, It may be noted that the likelihood function (1) may also be set
up in the following two ways : :
(a) Considgr the generalised likelihood for full pairs with ny;
repetitions on pair (i, j) from Dykstra (1960). Put n;=n
for pairs compared and zero for the others. Then

t
L(f)‘:]] 7o % (Tt )"
i=]

where a; is the number of preferences for treatment i from
the whole experiment.

(b) Start with the general likelihood for multi-variate paired
comparisons with p variables and ny repetitions per pair
(i, j) set up by Davidson-and Bradley (1969).

To obtain the likelihood under Case (1) put
pr=1
Vot =03,
Toos =Ty
Ryy=MNy, 1+
=n, -
f(s/i,j)=a;, )
=the number of preferences for i in the comparisons of (3, j) and
Inh(S/ij)=0, where the symbols have the same meanings asin Davidson
and Bradley. Then
t !
In L(m)=Y) a;In m;—n Y in (u—mit).

i=1 i=1
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2.3. Tables for B(*)
The B(*) function under case (1) has been tabled for a limited
number of cases. For
t=3,
A=1,
b=3,

r=2
and

k=2,
the Bradley-Terry tables for full pairs can be used since the B®)
function and the corresponding probabilities in this case are identical.
Tables are given in the Appendix corresponding to parametric
combinations for

and
=35,
n=-1, .
2.4. Power Function for Symmetrical Pairs
Consider the generalized power function for multivariate paired
comparisons (Davidson and Bradley, 1970). The non-centrality

parameter for the distribution of the likelihood ratio statistic in our
case can be obtained therefrom by appropriate substitutions as

r 4
7\9=4‘N z Ry s+1 (83— 8i+1)?
i=1
When

Ry s+1=N

and .
N=nt

¢
A =t/4 z (8:—3;4y)*

i=l

t t
=1[2 Z A aﬁ—E 8: Sity . (12)
i=1.

i=1
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If we could consider alternatives of the type

1 Yin
mET v
where
lim yim=";
n—>a
so that
Y=t 3

(12) can be put in the form
t

t
A=} Z Yiz_z Yi Yitr |»
i=1

i=1
a result which we can get, if we derive the expression from first
principles. Hence T(") given in (7) has a non-central X2 distribution
with (t —1) degrees of freedom and non-centrality parameter As. The
limiting distribution of 7(*) under H, is given by

f(TW)= (112 T g1, XS (TW) (1)1 A
are e O (=) +AE A

h=0

Then the power of the BT model for symmetrical pairs ‘is given by

o

B (Mo, 11, 0<)= g ATW) dT®
t—1

where xi i is the a-level significance value of a central X2 distri-
) i

bution with (1—1) 4.f. Hence the powers ean be directly read from
the charts of Pearson and Hartley (1951).

2.5, Generalised Asymptotic Relative Efficiency

Davidson and Bradley (1970) have adapted'to the multivariate
situation the general asymptotic efficieacy of test procedures
defined by Hoeffding and Rosenblatt (1955) and Noether (1957). The
theory of the test procedure is as follows. Let the test parameter be

§=0N =0 +-dN—" ...(14)
where 6° is the value of 8 under null-hypothesis. Let the test statis-
tic T under Ho have the limiting c.d.f. Hy (#) and under the alterna-
tive (13) the limiting c.d.f. H, (1, d). Lettbe such that Ho ()
—1]—a and D(«, B) be the value of d for which Hj [t«, D(2, B)]
=1--p where « and § are respectively the type I and type 1 error




[———i N

60 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS |

rates. Given two tests T, and T, the asymptotic efficiency of T, and

T, is defined as
1

Eryzy (%, B)=[Dj (2, B)/Dy(w, )]~ * - (15)
Applying this to the comparison of symmetrical pairs to full pairs
we find that D, («, ) for symmetrical pairs is such that

H [ty » Dy (2, B)]=1—.
In our test situation

1
dm=7'~'¢——t
and _ dn>0  as n—so0
Hence 6°=0.
d R
Th N= ° -l ——ry
us 6% =0°-} NN
when r=1.

Hence D, («, B) is the value of A’ corresponding to « and f,
from the limiting distribution of 7T". Similarly D, (¢, ) can be
obtained from the limiting distribution of T. Hence the efficiency of -
T toTis

’ _A(t_l, %, B)
Er T=N@E—1, «, B) :
Thus both tests are asymptotically equally efficient. Comparing
symmetrical pairs T” with the corresponding multi-binominal proce-
dure T, it is easily seen that

E'T’Ts,=

Ny (ta &, B)
N (1—1, a, B)
where A’, A’; are the non-centrality parameters of the corresponding
limiting distributious of T’ and T,. The values of this efficiency are
- computed for t=2, 3, 4 and «a=B="05 and presented below

t o ) Er'r’s

2 05 05 1'167

3 05 ‘05 1°129

4 05 05, 1075 _
2'6. A Test for Appropriateness of the BT Model for Symmetrical

Pairs

With unequal number of observations per pair, the test statistic
becomes

X2 —2[nh

==21n10(2 @i> ¢+1 108 au, 411 — 2"4. o log ’Ti,‘i+1+B w
p .

!
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the null distribution for which is a central chi-square with one degree
of freedom.

3. Bradley-Terry Model with Ties

3-1. The Model. A Bradley-Terry Model for symmetrical
pairs with ties can be developed as follows :.—

Let the treatments have true treatment ratings o, Ty,...T on
t

a subjective continuum such that >0 (i=1,2,...,t) and Z ;=1
i=1
The probability that 7 is preferred to j when 7 and j are compared is

oC 4
= (T4 7:,)‘1==—;— J' Sech? (y[2) dy where V;=Inn,.

, —(Vi—V3)
It is.evident from this function that m; depends only on )
where (V;—V;) is the difference between the true merits of treatment
i and treatment j and the probability of judge preferring i to j is a

monotonic increasing function of (V;—V;). Let us consider d;; as the
judge’s estimate of difference (Vi —V3). Then the distribution function

of d;; is assumed to be
o

P (di>d)=1% Sech? (y/2) dy
~(Va—Vp+d ‘
The judge will prefer i to jif dy; is positive. Then
let §=Exp. n and m;=Exp. V; (i=1, 2,..., 1),

where 7 is a threshold parameter of sensory perception for the judge.
From these the preference probabilities will be '

e 44=—T0% (ﬂi+6ﬂj)—1, TC_.;.ij_'—-‘TC;(GW"{‘TC’-)—l and

S . B (*—1)
0" 5T (e Ome) (B +-r5)

3.2. Fstimation of 6 and =;’s. Using the formulations and
notations as in Rao and Kupper (1967) the likelihood of the observed
outcome of the experiment is propor tional to

t t
L(-E.’ 0)==(6*— D" 1] '“'ibi [I (ﬂi+éﬂi)—bij

i=1

j=im1&i+1
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and the estimation equations become

2 Y Gultpitip)) !
bojmicl g
i+1
—Y  BablGpApN=0(=1,2,..1) .5
J=i-1 &
i+1
i
and - E =1 J
i=1
' I
and XN—ng/@~1)— B Y Gupl@p+p=0  ..(16)
i=1 j=i—1&

A i4-1
This system of equations can be solved for fandp; (i=1, ..,2, ..,0) by
an iterative procedure,

3'3. Tests of Hypotheses. The two large sample tests of
hypotheses to test for the treatment ratings p; and threshold para-
meter § give expressions for test statistics which can be obtained
from adjustments for summation from Rao and Kupper (1967).

Test 3. The adequacy of the model can be tested by

t
AgZ= 2 [ (i 40 j-1—Ts5 51 Pi- 4y i-1)®

rs 4-1 Die iy i

i=1

2 7 o . 2
(’10. iy i—1— Fy, i—1 Po. ;. i—]) it 4y g—1—Fi, —~1 Pi-1- 4 z'—1)

Tis. ¢—1 Do 25 i—1 Tiy i-1 Pi~1. 45 i—1

where Do+ s 4-15 Piv 45 ~1 and p;_1. i, i—-1

are the estimates for mo. ;. 4—y. ;. 5, ;5 and mq. 4 i respectively.
For large samples ,2 will have an approximate x? distribution with ¢
degrees of freedom.

4. Tlustrative Examples

() Inan experiment for comparing four improved varieties
of wheat for texture using symmetrical pairs with »=2, the score
vector was found to be (3,0, 4,1) for the varieties labelled 1 to 4.
Then for the test under case (i) of the BT Model without ties the
ratings vector as obtained from the normal equations is (4325, .10,
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‘45, +125) with a probability ‘0312 (from appendix). Thus under
the null hypotheses the probability of obtaining such a score vector
is very small. Thus the varieties differ significantly among them-
selves for texture. Under the general hypotheses and case (2) we
can only perform the asymptotic tests because the B and B fanc-
tions have not been tabled. Under case (2) for the score vector
(3,0, 4, 1), we test the hypothesis that p,=p,=p and Pa=Ds=D".
Then By=1 and B,=3; p="125; p’="375 from (8) and (9). Hence
B® from (11) equals 2°1810 and T'?=6'0684 which at one degree
of freedom and 05 level is significant, Thus the groups differ
significantly. '
Consider the general hypothesis
H,: m=my="m ; T3=72); Tsg=T(3)-

Then the score vector under the modified hypothesis in the above
example becomes (3, 4,1). Using equation (2) the ratings by
an iterative procedure, work out approximately as Piy="32,
P@y="17 ; psy="19. Then from (3) B=" 7839 and T=7'4804. For
2 degrees of freedom and 05 level of probability this I' is significant
showing that the groups differ significantly among themselves.

(i) For the illustration of the model with ties we use the data
of an experiment on palatability testing conducted in the Quality
Testing Laboratory of the Indian Agricultural Research Institute,
New Delhi. Five improved varieties of wheat namely 1. Kalyan
Sona, 2. Sonalika, 3. Choti Lerma, 4. Sharbati Sonora, and 5. N.P.
718 were used for the test. Five judges were selected by the duo-
trio test. The symmetrical pairs were randomised and presented in
random order to each judge. The experiment was replicated thrice.
The data pooled over the judges are given below:

i i Pair N;eis Ho.i5 n'j.,-j Total
1. 1,2) 5 3 7 15
2. (2,3) 6 4 5 15
3. 3.4 6 3 6 15
4, 4.,5) 4 3 8 15
5. Gl 6 2 7 15

Here N, the total numbers of trials =735 and n, the number of trials
which gave no tie =60. An approximate set of solutions is given
by 0="63; p;="13; py="25; p;="15 ; p,="08 and ps="39.

Then to test the hypothesis H, : w;=1/5 against the alternative H,:
m;%n;, the test statistic from [9] viz X,2=86'67 which is highly
significant at 4 degrees of freedom. Thus the varieties differ signific-
antly in palatability. A
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To test for the threshold parameter §="5 against the alternative
75, we get a new set of solutions of p;’s under the hypothesis that
0=5as p)/="18; p'y="20; py’="21; p,/="23 ; p;/="18. Thus X2
from [4], works out to be 32°382 which is significant for 1 degree of
freedom. Hence the threshold parameter is significantly different

from °5.
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(t=number of objects ; b=number

APPENDIX
" ‘Tables for Symmetrical Pairs
t=4, b=4, k=2, r=2, n=

of pairs ; k=plot size,
r=number of replications of an object ; n=number of repetitions

per pair).
ai a4z a3 a3 P p2 D3 Py B(1) P
. .
2 0 2 0 5 0 5 0 0 -125
2 1 0 1 25 25 25 25 1-20412 875
1 1 1 1 25 25 25 25 1-20412 1-000
t=4, b=38, k=2, r=4, n=2
ag ay a3 a4y I P2 Pa Ps B(1) p
4 0 4 g ‘5 0 -5 0 0 *0078
3 3 0 2 32 32 ‘11 25 88098 "1641
| 4 2 0 2 ‘50 20 ‘10 20 1-288848 2110
L 3 0 4 1 ‘325 10 45 ‘125 1-32136 2422
4 1 1 2 5 ‘125 ‘125 25 150722 *3985
3 2 1 2 *40 25 -10 25 165801 8048
3 1 1 3 375 ‘125 ‘125 375 171086 +9298
2 2 2 2 ‘25 25 25 25 2:40824  1-0000
t=5, b=35, k=2, r=2, n=1
a 4@ a a a p1 P2 Ps  Ps  Ds B(1) p
1 1 1 1 1 2 2 2. 2 2 -50515  -0625
2 1 ] 2 0 2 2 2 2 2 1-5051 6875
2 0 2 0 1 4 i 2 2 2 6'3250 10000




